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We estimate the number of vertices/edges necessary to cover all odd cycles in graphs of given 
order and odd girth. 

1. I n t r o d u c t i o n  

1.1. N o t a t i o n  

Given a graph G, we write V(G) and E(G) for the vertex-set and the edge- 
set of G, e(G) for the number of edges in G, 5(G) for the minimum degree of G, 
og(G) for the odd girth of G (length of shortest odd cycles), and (~(G) for the set 
of all odd cycles in G. We also write ~(G) and )~(G) for the minimum size of a 
vertex-cover and edge-cover of ~, that  is, 

~(G) = min{[U I : U C V(G), and U n V(C) r r for all C C 0(G)}, 

A(G) = min{lUI : U C E(G), and U n Z(C) r r for all C e 0(G)}. 

(If G is bipartite, we write og=+oe and n = A = 0 . )  Nn is the set of all graphs 
'of order at most n. el,C2,e3,.., are absolute constants. 

1.2. Cover ing  odd  cycles w i t h  ver t ices  

Let f~(g,n) = max{n(G) : G E ~n, og(G) > g} - -  the minimum number 
of vertices whose removal would make any n-graph with odd-girth g (or more) 
bipartite. One's first instinct is to guess that  the extreme example for covering all 
odd cycles with vertices is the vertex-disjoint union of cycles, that  is, f~ (n, g)~ n/9. 
However, a random graph argument shows that  there are graphs of order n and 

Mathematics Subject Classification (1991): 05C35, 05C38 

0209-9683/97/$6.00 (~1997 Js Bolyai Mathematical Society 



394 JANOS KOMLOS 

odd girth as large as clogn for which more than half (in fact almost all of) the 
vertices are needed to cover all odd cycles. That  is, f~(n,g) >n/2 for all g < clogn. 
Subdividing the edges of such graphs would give lower bounds for larger values of g, 
and these turn out to be optimal examples within a constant factor as the following 
theorem shows. 

Theorem 1. 

min cln, c 2 -  l o g - -  ~ f ~ ( g , n ) < _ m i n  n, c 3 - 1 o g  . 
g g g 

1.3. Cove r ing  o d d  cycles  w i t h  edges  

Let f~ (g, n) =max{;~(G): G E ~n, og(G) > g} - -  the minimum number of edges 
whose removal would make any n-graph with odd-girth g (or more) bipartite. B61a 
Bollobs Ps ErdSs, Mikl6s Simonovits and Endre Szemer6di [1] established the 

inequalities c4n2/ g 2 < f ;~ (g, n) < c5n 2/g, and they conjectured that  the lower bound 
is the true order of magnitude. Here we prove the Bollob~s-ErdSs-Simonovits- 
Szemer@di conjecture. 

Theorem 2. 

f~(g,n) ~ c6n2/g 2. 

Remark. The lower bound in [1] ([(n/g] 2) was achieved by the graph Cg(n/g) 
which is obtained from a cycle of length g by replacing each vertex with n/g vertices 
and replacing the edges by complete bipartite graphs. 

The upper bound with c5 = 2 is an immediate consequence of the fact that  if 
G is a non-bipartite n-graph with og(G)=g > 3, then 5(G)<_ 2n/g, which, in turn, 
follows from the simple fact that  if C is a shortest odd cycle in such a G, then 
the sum of degrees of all vertices of C is at most 2n (in fact, deg(x, C) < 2 for all 
x ~ C ) - -  see [1] as well as the paper of Roland H~ggkvist [2]. 

But more is proved in [1]: the use of the Regularity Lemma is used there to 

show that  if the odd cycles of an n-graph G cannot be covered by n2/(2k+l) edges 
then not only does G have an odd cycle of size at most 2 k + l  but  it has a whole 
blown-up version of such a cycle. 

2. P r o o f  of  T h e o r e m  1 

2.1. P r o o f  of  t h e  u p p e r  b o u n d  

We will actually prove the upper bound fn(g,n) ~ ((4n)/(g-1))log((4n)/(g+l)). 
Let n and g be given, and write t= (g-1)/2 and 

4 4n 
(1) a -- log 

g - 1  g + l "  
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Let G be an arbi trary graph of order at most n with finite odd girth at least 
g. Here is an algorithm to select a set S of at most  a n  vertices tha t  cover all odd 
cycles. 

I f  a >_ 1 then S = V ( G )  (all vertices). Otherwise, pick an arbitrary vertex x, 
and for k = 0 , 1 , . . . ,  let the k- th  level F k be defined as the set o f  vertices at distance 
k from x, and let N k = U O < i < k F i  be the set o f  vertices at distance at most  h from 

x. Le t  ~k= l rk [ ,  sk= lNkl .  
Now, choose a k, 1 < k <_ t, such that  

(2) aA _< a 
sk 

and pu t  a11 vertices o f  the level F k into S.  ( T h e y  certainly cover all odd cycles 
which have at least one vertex in Nk . )  Delete Nk and proceed in the leftover graph 
G - N k similarly (pick a ne w  vertex x, build the neighbourhoods,  etc; always use 
the orig'inM a defined by (1)). 

I f  no such index k exists then stop - -  the current graph is already bipartite. 

I t  remains to show that  indeed if no k < t satisfying (2) exists then the graph 
is bipartite.  (This is sufficient, for a is an increasing function of n and a decreasing 
function of 9, and in the leftover graph the order is smaller than, and the odd girth 
is at least as large as, in the original graph.) Assume tha t  it is not, and use the 
following simple temma. (The lemma is a discrete analogue of the fact that  the 

solution to f ' / Z = a ,  f ( 0 ) = l ,  is f ( x ) = e a Z . )  

Lelnma 1. Let  t be a posit ive integer, let a0, a l , . . . ,  at be posi t ive teat numbers,  and 
write s k = ~O<_i<_k ai" I f  for some a > 0 the sequence a k satisfies 

a k > a s k ,  k = l , 2 , . . . , t ,  

then 

sk > so eak, k = l , 2 , . . . , t .  

Now let e =  [ ( g - 1 ) / 4 J ,  and apply the lemma for the numbers a~, . . . ,a t .  We 
have s e >_ ~ + 1 and hence 

n > st > see a ( t - t )  > (g + 1)e a(t-e) > g + 1 ca(g_1)~4 = n 
- - - 4 

- -  a contradiction. | 

Remark.  By choosing g=  [r we get the following bet ter  bound: 
For every ~>0  there is a K > 0  such that  f ~ ( g , n ) _  (2+~) (n /g ) log (Kn/g ) .  

Proof  of Lemma 1. It  easily follows by induction using the inequality 1 / ( 1 - x ) >  e x 
for all 0 < x < 1. For an alternative proof see Section 4. II 
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2.2. P r o o f  of  t h e  lower  b o u n d  

We will use the following existence theorem (proved in the Appendix by stan- 
dard random graph methods). 

Lemma 2. There are posi t ive constants 71, z such that  for every n there is a graph 
Hn wi th  the following properties: 
(a) the order o f  Hn is at most  n, 
(b) the size of  Hn is between zn  and 2zn,  
(c) the odd girth of  Hn is greater than 71 logn, 
(d) > 

We will assume that  n is large, and also that  g < ~/2n~ where ~/2 is very small. 
(If g > 72n then the lower bound is less than 1, so it is trivially valid if c2 is small 
enough.) 

Let e > 0 be small enough and write 

n 0 =  rain en, ~ g  log- - -  . 
g 

We start  out with a graph GO = H• o as in Lemma 2, and write eo = IN(Go)I, 
go  = o g ( a o ) ,  = 

Let q be the smallest even integer greater than or equal to g/go, and subdivide 

each edge of Go with q new vertices. The new graph G is of order n / = no + qe0, 
odd girth J =  (l+q)g0, and odd girth cover nr=  n0. We need to check the following 
inequalities all of which easily follow from our choices of parameters:  

{ n l ~  2n~  n I <_n, gl>_g, t > m i n  c ln  , c 2 . | 
g g )  

Remark.  Note that  the levels Pk (from any vertex x) grow exponentially in k with 
an exponent 1/q near 0, just as suggested by Lemma 1. 

3. P r o o f  of  T h e o r e m  2 

We will in fact prove the upper bound f~(g,n)<_ 8en2/ (g  - 1)2< 22n2/ (g  - 1) 2. 

We start  with a graph G of order at most n with finite odd girth at least g, 

and we let t :  ( g - l ) / 2  a n d / ~ : 2 e / t  2 =-8e / (g -1 )  2. Here is an algorithm that  selects 

a set T of at most ~n 2 edges that  cover all odd cycles. 

Pick  an arbitrary vertex x, and define F k , N k , a k ~ s  ~ jus t  as in Section 2.1. 

Choose a h, O < k < t, such that  

(3) ak ak+l < fl 
ss  n 
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and put all edges between the levels Fk and Fk+l into T. (They certainly cover 
all odd cycles which have at least one vertex in N k.) Then proceed in the leftover 
graph G - N k similarly (for n use the order of the current graph, but always use 
the original ~ so that we don't have to recompute g). 

Induction shows (bipartite graphs are the base cases) that  the total  number 

of edges needed is at most akak+l + fl(n -- sk) 2 < ~[skn+n 2 -- sk(2n -- sk) ] ~ j3n 2 
as claimed. It remains to show that  if G is not bipartite then a k < t satisfying 
(3) always exists, which is stated in the following lemma. (Here the corresponding 

equa t ion  is  ( f ' ) 2 / f - - f l n ,  f (O)-- f ' (O)--0  with solution f ( x ) =  (~n/4)x  2. Thus the 

condition f ( t ) ~ n  would lead to f l=4 / t  2. We get a somewhat larger constant.) 

Lemma 3. Let t > 1 be an integer, let a0 ,a l , . . .  ,at be arbitrary non-negative real 
numbers, and write sk----~O<_i<_k a i. Then there is a kE [ 0 , t -  1] such that 

akak+ 1 2e - - < - ~ .  
SkSt 

This leinma will be proved in the next section. 

4. P r o o f  o f  L e r n m a  3 

An alternative - -  and more complicated - -  proof for Lemma 1 would be the 
following. (Just as before, ao,a l , . . . ,a  k are positive reals (k _7 1), and we write 
si = ao-k...  ~-hi.) We use the following extremal problem. 

Lemma 4. For fixed so and Sk, the choice of the ai for which the product 

p = H a - A  
l<i<k 8i 

is maximal, is the one for which the numbers si form a geometric series: 

that is, 

�9 

si = soq ~, i = 0 , 1 , . . . , k ,  where q = \ s o /  ' 

a i = a o ( q - 1 ) q  i-1,  i = l , . . . , t .  

Hence, if ai satisfy the conditions of Lemma 1 then 

H a_(i < H s o ( q - l ! q i - 1  = (q_~ql)  

l<i<k si - -  s~ l<i<k 

k 
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and thus 

~ -V~ 
c~ < rain  a--!i < q - 1 = 1 - s-~-k = 1 - e - l ~ 1 7 6  < l ~  | 

l<i<k s i -- q \ sO / k 

Proof  of Lemma 4. For k = 1 there is nothing prove, so assume k > 2. Let ai  be 
optimal (compactness guarantees tha t  it exists, since the maximum of the product  
is certainly not taken where any a i is 0). For given i, 1 < i < k, we need to show 

2 Using a very small real number x, let us replace ai and a i + l  by s i -~ S i _ l S i +  1. 
ai + x and a i + l -  x. The only terms that  change are ai ,  ai+l ,  si. Since the originM 

value was maximal, we get a new product P ' <  P.  Tha t  is, 

ai + x a i+ 1 - x < a i  ai+..__.~l 

s i -~- x s i +  1 8 i s i+  1 

which is equivalent to h ( x )  = x 2 - ( a i a i + l + a i s i - a i + l s i ) x  > 0 for all small x, tha t  is, 

hi(O) = a i a i + l  § a i s i  -- a i + l S i  = O. 

Hence a i + l  = a i s i / ( s i -  a i ) = a i s i / s i - 1 ,  which implies 2 _  8 i - s i _ l s i §  1 as required. | 

The advantage of this method (maximizing the product P, which is then easily 
done by using logarithmic derivatives) is that  it generalizes to the harder Lemma 3. 

Proof  of Lemma 3. It  is an immediate consequence of the following extremal  prob- 
lem. 

Lemma 5. For A x e d  so and s t ,  t h e  cho ice  o f  t h e  ai for  w h i c h  t h e  p r o d u c t  

Q = U 
a i a i + l  

8iSt 
O~i<t 

is m a x i m a l ,  is tt~e one  for  w h i c h  the n u m b e r s  s a t i s f y  

S i+l  = s i + l  i =  2 , . . . , t - 2 ,  and 
a i + l  ai z 

s t  s t  - 1 

at  a t - 1  

w h e n c e  

Proofi We rewrite Q as 

Q < \ t 2 ]  

at  2 

II a 
l < i < t - 1  8i 
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Just  as in the proof of Lemma 4, we use a very small real number x and replace ai 
and ai+l (where 2 < t - 2 )  by ai~-x and a i + l - X .  Again, the only terms that  change 

are ai ,ai+l ,Si ,  and we get a new product  Q~<Q. Tha t  is, 

2 2 ( a i + x )  2 ( a i + l - - X )  2 < ai ai+l 

(si + x)  si+l -- si s i + t '  

which is equivalent to h(x) = A x  4 + B x  3 + C  x 2 +( a 2 a~+ 1-2s ia ia~+1-2s ia i+l  a~)x > 0 

for all small x, that  is, 

2 2 2 
(a i ai+ 1 -- 2siai+l a2) ---- O. -- 2siaiai+ 1 

Hence ai+l = 2s ia i / (2s i  - ai), which implies si§ 1 ~-- 8i(28i ~- a~)/(2si  - ai),  whence 
si + l / ai + ~ = ( si / ai ) + 1/2 as claimed. 

If  we do the same for i-~ t - 1, we get 

(at-1  H- x) 2 at - x < a2t_____! a t  

s t -1  H-x st - s t -1  s t '  

leading as above to at = S t - l a t - 1 / ( 2 s t - 1 -  a t - l ) ,  s t - - 2 S 2 _ l / ( 2 s t - 1 - a t - l ) ,  and 

finally, st~at--- 2 s t - 1 / a t - 1  as claimed. 
It  remains to estimate this maximal Q. We got the explicit formulae 

_ i - 1  i + 1  _ = 2 s l  + t .  si Sl + > - -  i = 2, . . . , t - 1 ,  and st 
ai al - - ~  2 ' at al 

Also, 

whence 

ai <_ E ai < , 
l<i<t l<i<t I 

1 2 1 2 t -1 / 2 e ~ t  

Q < ~ 7  I - I  i + 1  = t  t t ~  < \ t  2 ]  " 
1<i<t-1 

5. A p p e n d i x  

Proof  of Lemma 2. We will assume that  n is large (otherwise the claim is vacuous). 
We star t  with a random graph Gn,p, where p -- # / n  with # --- 3z, and delete one 
vertex from each odd cycle of length less than V1 logn. This is our graph Ha. 
We show that,  with a positive probability, we have zn  < e (Hn)  < 2zn,  as well as 
~(Hn)  > n / 2 ,  provided V1 log# < 1 and n is large enough. 
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For this we show two things: 

(a) D, the number of vertices dropped from Gn,p to get Hn, is, with probability 

greater than 1/2, at most Do :=2n ~1 log~ 

(b) Regardless how we drop (n/2)+Do vertices out of Gn,p we still have, with 
probability 1 -  o(1), some odd cycles left. 

Proof of (a). The expected number of cycles of length at most k is less than 

~3<_i~k nipi/(2i) < ~k if k is large in terms of z. Hence, by Markov's inequality, 

P(D > 2~ k) < 1/2. Apply this with h = 71 logn. 

Proof of (b). The probability that Gn,p is bipartite is less than 

$ 

Hence the probability that  dropping at most 0.6n vertices would make Gn,p bipar- 

tite is less than 2n20"4ne-O'4n'/5=o(1) e.g. for ~=15  (that is, z=5) .  | 

Remark. Miklhs Simonovits remarked that  Lemma 2 would also follow from some 
algebraic constructions like the one of Lubotzky, Phillips and Sarnak [3] (need to 
use Proposition 5.2 in [3] proved by Noga Alon and also the inequality ~ > n -  2~). 
I appreciate his thorough refereeing and helpful remarks. 
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